Budding and vesiculation are prominent shape transformations of fluid lipid-bilayer vesicles. We discuss these transitions within the context of a curvature model which contains two types of bending energy. In addition to the usual local curvature elasticity~, we include the effect of a relative areal stretching of the two monolayers. This area-difFerence elasticity leads to an effective nonlocal curvature energy characterized by another parameter K We argue that the two contributions to the curvature energy are typically comparable in magnitude.
I. IN. r RODUCmaON
Fluid-phase phospholipid bilayers in an aqueous solution may form giant (10-20 pm) vesicles of single-sphere topology. Experiments have shown that these vesicles display a rich variety of shapes, as external conditions (temperature, osmotic pressure, etc.) are varied [1] [2] [3] [4] [5] [6] [7] [8] [9] . As these parameters change, vesicles undergo distinct transformations from one class of shapes to another. In this paper we focus particularly on the shape transformations called "budding" and "vesiculation. "
The term "budding" is often used loosely to describe the multistep process in which a single spherical (or prolate} parent vesicle undergoes a sequence of shape changes resulting in the formation of a distinct daughter vesicle still linked to the parent via a narrow neck. We shall in what follows restrict "budding" to refer to the distinct transition at which up-down symmetry is broken and the vesicle passes from a symmetric prolate or dumbbell shape to a pear shape, without reflection symmetry. "Vesiculation, " on the other hand, distinguishes the (singular) limit at which the radius of the neck connecting the mother and the daughter vesicles becomes microscopic. ' In this expression, C, (r) and Ct(r) are the principal curvatures at the point r of the membrane surface, and Co, called the spontaneous curvature, is a parameter reflecting possible asymmetry between the two leaves of the bilayer. The integral is over the entire surface and is dimensionless, so the bending elastic constant a sets the energy scale.
A different model -the bilayer-couple or hA model, based on the so-called bilayer-couple hypothesis [13] and closely related work of Evans [14] and Helfrich [15] was first explored systematically by Svetina, Zekl, and co-workers [16 -18] . Here, it is assumed that the area per lipid molecule is fixed and that there is no molecular ex- 
which is correct to order D/R. In energy minimization, the condition (2) becomes a constraint on the integrated mean curvature of allowed shapes. The energy functional
Our present understanding of the diversity of vesicle shapes and of the transformations occurring between distinct shapes has largely been based on two simple models. In the spontaneous-curvature (SC) model, originally proposed by Canham [10] and Helfrich [11] , a Suid lipidbilayer vesicle is modeled by the energy functional [12] E[C"Cz]-: -f dA[C, (r)+Cz(r) - Cc] 1063-651X/94/49(6)/5389(19)/$06. 00 49 5389 1994 The American Physical Society in this model,
is the same as Eq. (1) except that the spontaneous curvature Co has been set to zero [19] .
For phospholipid bilayers, it turns out that the bending rigidity~is large on the scale of thermal energies at room temperature. Thus thermal fluctuations can be neglected, and the equilibrium configuration predicted by each model is just the shape which minimizes the bending energy subject to the appropriate constraints. Since the energy scale associated with a macroscopic stretching of the bilayer is several orders of magnitude higher than that involved in bilayer bending [4, 20] , the surface area of a vesicle is efFectively constant under bending deformation. The volume enclosed by a vesicle is kept fixed in experiments by controlling the interior and exterior osmolarity.
Thus both models obey constraints of fixed surface area and volume, while the hA model requires fixed area difference as a third constraint. In fact, the two models are related by a Legendre transformation [18] .
In their pioneering work on the SC model, Deuling and Helfrich [21] found a catalog of possible axisymmetric vesicle shapes. Among those shapes were prolate and oblate ellipsoids, stomatocytes, and discocytes, some of which resembled the shapes of human red blood cells. The full systematics of these shapes and shape transformations has only been elucidated recently [22, 23] . In particular, budding and vesiculation have now been studied in detail in both of the above models. Predictions of the two models for the character of the budding transition turn out to be strikingly different: The SC model predicts that the budding transition is discontinuous, whereas the hA model predicts that it is continuous, via pear-shaped intermediates.
In both models the asymmetric shapes finally evolve smoothly towards vesiculation.
In recent experiments [6 -9] , all the stationary shapes found in the theoretical calculations have, indeed, been seen [24] ; however, the budding sequences seem to be more complex than those predicted by either of the two models [25] . In a typical experiment, the temperature of the system is slowly increased. Normal thermal expansion then leads to changes in the area and volume of the vesicles, thus inducing shape transformations.
One can follow in this way a sequence of shape changes which starts from a spherical or nearly spherical initial shape and proceeds via a prolate elhpsoid to budding and full vesiculation. Experiments find two distinct scenarios: (a) The prolate ellipsoid undergoes a shape transition at which the up-down symmetry is continuously broken, resulting in a pear shape; subsequently, the pear undergoes a second now-discontinuous transition which produces two spheres connected by a narrow neck. ( [11] and Evans [14] and was studied later by Svetina, Brumen, and Zeks [17] . The [28] . The effect of the interplay of the two curvature energies on the budding transition has also been investigated in [26] for a particular choice of parameters. [18, 23] (12) while its Srst and second derivatives are related to those of the bending energy G'"'(v, m } according to
where g'G(n)
The structure of the mapping based on Eqs. (12) - (14) is illustrated in Fig. 2 , which shows the energy G of the even though it is not the lowest-energy shape. Thus M " is the limit of metastability (M) of the symmetric branch, which in thermodynamic language would be called a spinodal. The special point T, where C~" and D~" meet, we will call a "tricritical point. " We denote its coordinates {uz ( a ), m o z (a ) ). Finally, the line L P'" denotes the upper limit (L) of the asymmetric phase, where full vesiculation is attained. The neck radii of budded shapes go to zero continuously as L~"is approached from below.
Such a phase diagram is constructed by using the mapping (11) . In particular, the bending energy (9) of the ADE model for each branch of stationary shapes can be expressed as We 
Note that the double limit, a~ao and v~1, is singular:
For fixed v~1, moL approaches a finite value close to 4m. , as a~DO; while, for large fixed a, m0 L diverges as ( 1 -v ) ' , when v -+ 1. Similarly, for the continuous- Fig. 4 , which shows a three-dimensional phase diagram for budding and vesiculation in the parameter space (a,co, mp) for a typical (fixed) value of the reduced volume (v =0. 8).
In the limit a~00, which corresponds to the hA model, [41] .
To explore the plausibility of this interpretation, we must understand the characteristic time scales of the system. If the transition is first order (i.e. , hysteretic), there are at least two time scales involved: The (locally) stable symmetric shape is, of course, subject to asymmetric (pearlike) fluctuations. These fluctuations are normally overdamped by the viscosity of the surrounding Quid, and they have a characteristic relaxation time which we shall call~, . Another scale, which we shall call~z , is the characteristic time for giant fluctuations, which carry the system over the kinetic barrier to a new minimum. When the height of the barrier is large compared to the thermal energy, these two scales are distinct, with~, && v. z.
A crude estimate of~& can be obtained as follows:
Consider a shape fluctuation which drives the symmetric prolate towards a pear. If the amplitude of this mode is a (measured in units of R), then the restoring force for such a iluctuation is (5 W/5a )a, which involves the second variation of the bending energy in the direction of this mode. At the instability, u =u"this quantity changes sign. Therefore 5 $V/5a =c,a(v -v, ), with a numerical coefficient c& which may be determined by diagonalizing the second variations. The coupling of the membrane to the surrounding liquid leads to a frictional force which has to balance the restoring force for such an overdamped motion.
The frictional force is given by cz(B,a)riR, which follows from dimensional analysis, where g=10 erg sec/cm is the viscosity of water and cz is another numerical coefficient. Taking (B, a ) =a /~" Of course, when the transition occurs, the slow difFusive motion over the barrier produces pear shapes as dynamical transients.
In [7, 8] that precooling a vesicle tends to induce outside budding (when the vesicle is rewarmed).
Can this be understood in the context of the ADE models These experimental observations [7, 8] As outlined in the preceding paragraph, this is just the right order of magnitude to produce a significant shape change favoring outside vesiculation of small buds (see Fig. 6 ).
E. The Near the onset of the symmetry-breaking instability, the part of 4 that depends on the amplitudes of the odd-l spherical harmonics takes the form 4(X,P, Cp, {ai, i=odd) )= g fi i (X,P, Cp)at a, ll, l~= odd +O(ai at at ) .
(unpublished).
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[10]P. B. Canham, J. Theor. Biol. 26, 61 (1970) . Canham introduced the bending elasticity as a contribution to the vesicle energy. His form, (~/2)(C&+C&), for the local elastic energy differs from Eq. (1) by (a) assuming zero spontaneous curvature and (b) lacking the cross term KC& C"which is proportional to the local Gaussian curvature. The integral of the Gaussian curvature over a closed surface is a topological invariant (Gauss-Bonnet theorem), so this latter term cannot influence either the Euler shapes or their relative energies at given (spherical) topology.
